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Asymptotic solutions of ordinary linear differential equations snow 
peculiarities in the neighborhood! of certain exceptional points, called 
transition or turning points. If. the case of a real independent variable, 
the typical behavior is a change from oscillatory to ntonotonic solutions 
asthe independent variable passes -hrough a turning point. Theclassical 
theory of asymptotic solutions breaks down in the neighborhood cf such a 
point, and special investigations are required. 

In the present report, papers dealing with this situation are listed 
alphabetically, togethet with a brief description of their contribution to 
the subject of this survey. Basically, only mathematical papers have 
been listed, but a few exceptions occur. The early papers on the TJC3. 
method have been included far historical reasons ever, though they do 
not contain a mathematical theory. Certain papers on physical problems 
were included because in t one way they contributed to the mathematical 
theory. Papers on special functions were included if their results were 
derived from the differential equation. There is a large number of papers 
in which the behavior of special functions in the neighborhood of a trans- 
ition point is investigated by means of the method of steepest descent 
spplied to their integral repreae met ions, or by means of some other 
method which is not based on the differential equation. Such papers 
have been excluJed from the present survey. 

Most of the papers listed here dee! with differential equations of the 
second order. Very little work has been done en differential equations of 
higher order, or on systems of differential equations of the first order 
with turning points; a few papers whose methods or results seem to offer 
s good starting point for further research in these directions have been 
included. 

Efforts will be made to keep this bibliography up to date. Corrections 
and additions will be welcome. 



BrtUaala, L.  Reaarqaea at* la Mecaalgae OodaUaloire.  J. Phy». Radium 
7, 53.*- 368 (1926). 

The .tuthor obtains a formal solution of the 5-dimensional Schrodingcr 
cquanon at the exponential of a power aeries in A. Phase integral con- 
ditions are also obtained. 

CaafeweU,  E.  D.   The a*y«ptotlc solatia** of aa ordinary differeatJal 
erjoattoa la widca lb* coaRlcJa** of 'be parameter Is alatalar.   Pacific 
J. Marh. 1, 337-353 (1951); Math. Re*. 13, 461 (1952). 

The differential equation 

*"<*)-[**?(*) + r(A,«)]t»Uf*0 

is studied, where r(A» s) has a pole of order one or two at s , A is a 
large complex parameter, and o(s) - (s - s 0)"* <£(*). aV(«) being a single 
ralued asalytic function bounded away from zero. The author considers 
the normal fore: 

,'(,)-   |^-^-f  • XCp.tH   .U).0, 

where X(r) is analytic and 0*(<) is analytic and non-vanishing. Asym- 
ptotic for.r.s rf the solutions v«.lid in certain regions of (A, i) space are 
obtained in terms of the elementary functions by means of a related 
equation. In this connection see Langer, Trans. Amer. Math. Soc. 37, 
397-416 (1935)- 

Cherry. T. M.   Uniform asymptotic expanaiooa.   J. London Math. Soc. 24, 
121-130 (1949): Math. Rev. 11, >4, (1950). 

The author obtains uniform approximations to Jv(x) to an arbitrarily 
high order in v~ for a range of the argument x winch includes the trans- 
ition point and is independent of v. The method is one of comparison with 
the Airy equation by means of an integral equation. 



Cherry, T. M.  Asymptotic ewp— king tor the hyper geometric f« 
occurring In gas-flow theory.   Proc. Roy. Soc. London Set. A. 202, 
507-522 (1950); Math. Rev. 12, 257 (1951). 

The equation 

where 0 < r < 1 and v is large and complex is considered. The coefficient 
of v in (*)has a simple zero at r - 1/(1 • 2/-J). Non uniform asymptotic 
approximations to the solutions in terms of the elementary functions are 
obtained near t , Uniform asymptotic formulas involving Bessel functions 
are obtained by application of Chen/, Trans. Amer. Math. Soc. 68, 224 
(1950). 

Goldstein, S. A note on c*ttaio approximate aoiuUooaof linear differential 
equations of the second order with an application to the Malhieu 
equation.   Proc. London Math. Soc. (2) 28., 81-90(1928). 

This paper extends the results of Jeffreys Proc. London Math. Soc. 
23, p. 478, to the case in which X(x) has a zero of any order at x - 0. 
Formulas connecting the asymptotic forms on each side of x • 0 are 
obtained by using the asymptotic expansions of Bessel functions. 

A correction of en error in this paper is given in Proc. London Math. 
Soc. W, p. 246. 

F 

Cherry. T. M.  I'nlform asynaytotic formulae for fsuctioow with bas~ition 
points.   Tran». Amer. Math. Soc. 68, 224-257 (1950); Math, Rev. 11, 
596,(1950). 

Differential equations of the form 

at' 

where f is i large complex parameter and g(a, it-) is analytic in both 
variables and is also regular at z - 0, u< - 0 a/e studied. Approximations 
those error is Oi.u"m), uniformly for t in a closed region having the 
point i " 0 in its interior, are obtained by transforming the Airy equation 
into an equation approximately the same as (*) and then comparing by 
means of an integral equation. Applications to Bessel and hypergeomecrir 
functions are given. 



Goldstein, 8. A note on certain approximate eolBUotts <4 linear differ- 
eatlaJ eajaatlons of the second order. Pre:.. London Math. Soc. (2) 33, 
246-252 (1932). 

The author considers the equation 

l_L-(A>X0*AXt)y-U, 

where XQ(x) has a double zero at the origin, and h is real and large. 
Connections between the asymptotic forms of the solutions on each side 
of x • 0 are established by means of the asymptotic representations of 
the parabolic cylinder functions 0((J). 

Imai, laao   On a refi&emert of Use W.K.B. method.   Physical Rev. (2) 74, 
113 (1948); Math. Rev. 10, 41 (1949). 

The author studies die differential equation 

d>* •*,f>U)4>-0. 

where x is real, k is real and large, and P(x) has a simple zero on the 
interval considered. An ingenious change of independent variable is 
used to obtain an iraproved approximate solution in the neighborhood of 
the zero of P (x). 

Jeffreys, Harold. Oa certain approximate solutions of linear differential 
equations   of the  second ufdei.   Proc. London   Math. Soc.  (2) 23, 
428-436 (1924-25). 

The author considers the equation 

—f -A'XUJy-O, 
ax 

where x is real, h is real and large, and X(x) has a simple zero at >c. 
Formulas connecting the asymptotic forms on each side of x are obtained 
by means of the asymptotic expansions of J\n(x) for large x. 

Jeffreys. Harold. Asymptotic solutions of linear differential equations. 
Philos. Mag. (7)33, 451-456 (1942); Math. Rev. 4, 43 (1943). 

The author considers the following differential equation 

—^-(A1 X.+AX. + XJy-O, 
ax- • * 



where X0U) has t simple zero at r. • 0. Formula* connecting the asym- 
ptotic forms on each side of x - 0 are obtained with the aid of Airy 
function?. 

Keller. H. B. and J. B. Keller. On systems of linear ordinary differential 
equations. New York University, Washington Square College Mathe- 
matics Research Group Research Report No. EM-33 (1951); Math. Rer. 
13, 346(1952). 

The system considered is 

  4U)*(x), 

where A (z) is a square matrix, u (z) a column vector, < ranges either over 
a real interval or a region in the complex plane. In domains in which A (:) 
can be diagonatized, the Peano-Bakei solution (otarrizant) may be re- 
arranged so as to form a rapidly convergent series. If A(x) • kA^(z) 
where k is a large parameter, this rearranged series maybe converted into 
an asymptotic expansion (for large k) whose first term is the V.K.B. 
approximation. Turning points occur where the diagonal form of A breaks 
down. No uniform approximations are obtained for the neighborhood of 
such points. In the real case, connection formulas are derived by using 
the original Peano-Oaker form in the neighborhood of a turning point and 
the modified formula* outside. 

Xemble, Edwin C. A contributors to the theory of the W.JK.B. method. 
Physical Rev. 48, 549-561 (1935); Fundamental Prftacfcles of Quantum 
Mechanics.  McGraw Hill (1937). 

Zwaan's scheme for deriving the connection formula* at the transition 
point of 

u" • X*4*«-0 

is put on a rigorous basis by considering the differential equations govern- 
ing the variation in the coefficient during the fitting process. 

Kramers.   H.   A.  WeUenmecnanlk   sod   taalbzahllae   QuanUsi-nmg.  Z. 
Physik 39, 828-840(1926). 

The differential equation 

.      2* 
0   «••—y*-0, 

where y - y (x) - 2m [Em - KU)1 is positive for x, < * < xt and negative 
elsewjiere, is studied. Asymptotic forms of the solutions, valid for x < x,, 



with aa application Co the Beeael function* of large camples order. 
Trans. Amcr. Math. Sot. 34, 447*480 (1932). 

This paper is an extension of the results of Langer, Trans. Amer. 
Math. Soc. 33, 23 (1931). The equation considered is 

LL + p{z)-L * [p'+Hz) * o<*>, y(x) - 0, 
dz' dz 

where * is a complex variable ranging over a simply connected region A' 
of the complex plsne, p is a complex parameter, and #*(z) - z v <^J(r), 

x, < - < » , and x > x, are obtained in a heurUtk manner by comparison 
with the  Airy equation. The phase integral condition is also obtained. 

Kumar Sana, AJH.  The traaamlaaioo factor* of potential barrier*.  Pr»<-. 
Nat. Inst. Sci. India It, 373-385 (1944); Math. Rev. 9, 436 (1948) 

The differential equation studied is 

dr*        h*       I r*        2m   J 

the coefficient of X being zero at two values of r and negative in between. 
Connection formulas which associate the asymptotic representations of 
(*) away from the transition points *re obtained. The author develops 
the method of Langer for deriving these formuUs *nd the results are com* 
pared with less Satisfactory- methods by GIDOV, Somn.erfeld and Beth*. 

Langer, Rudolph E.  On the asymptotic eolation* of ordinary differential 
equation*, with aa application to the Beaael functions of large order. 
Trans. Amer. Math. Soc. 35, 23-64 (1931). 

The differential equation studied is ! 

d*u du 

dx*       dx 

where p is a complex parameter, p, q, 4>* are functions of x defined on an 
interval /which may be infinite, ^'(x) has a zero at x0 of order v, and 
the function (x - *0>" 0:U) is twice continuously differentiableand is 
real and positive apart from a constant complex factor. Asymptotic forms 
of the solutions are obtained by comparing (*) with a related equation 
whose solutions involve Bessel functions. As an application formulas 
are obtained for J , Y , H , with arguments paecha »«•.! pmecUft for all 
real a and p and targe positive p. 

I 

Radolpfc E. On the aaymptotlc aolutioaa of differential equations 



it   being assumed that the origin  lies  in R  ,  u is a real non-negative 
number, 0,*U) is an analytic function on R , and lei, (t\\ > A > 0 on /? . 

As an application the author obtains asymptotic formulas for Besse! 
functions of large complex order and argument. 

I anger. Eadolph I . The asymptotic solutions of certain linear or it I— j> 
differential equal ions of the second order.  Trans. Amer. Math. Soc. 
3«, 90-106 (1934). 

The differential equation 

as 

is studied is a region of the a plane in which <7„(s) has a second order 
zero, the complex parameter A being taken as large. Asymptotic forms of 
the solutions and connection formulas are obtained by comparison with 
the confluent hypergeometric function Mk K . 

Lsnger. Ratfolph E.  The solo*Ions of Use MaUUeo equation with a 
plei variable sad st least one parameter large.  Trans. Amer. Math. 
Soc. 38, 637-695 (1934). 

On the basis of his previous work in Trans. Amer. Math. Soc. (1931, 
1932, 1934X the author studies the Mathieu equation 

d'u 
——T- • (A - Q cos 21) u - 0, 
at 

where i is complex and A andO axe real parameters, st lesst one of which 
is iarte. The exterior of a circle in the (fl, \) plane is divided into 
sectors and for each sector the asymptotic forms of the solutions in 
regions of the 5 plane are given. Connection formulas are also supplied. 

i anger. Rodolpfi E. The asymptotic solatloaa of ordinary linear differ- 
ential equations of the second order with special reference to Use 
Stokes'   pheaoawson.   Bull.  Amer.  Math. Soc.  40,   545-582 (1934). 

This is a symposium lecture giving a general historical sketch of the 
problem of finding arymptotic solutions of the differential equation 

dlu 
 r*[A,d»,U)-XU)]ii-0, 

ox 

where p'ix) is first taken to be bounded away from zero and th:a is 
permitted to have a zero ot order v. References to the literature are 
given. 
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Laager, Rudolph E.  On (tee asymptotic solutions of ordinary differential 
equal tone, with reference Co the Stakes' phenomenon about s siagoiar 
point.  Trans. Amer, Math. Soc. 37, 39>416 (1935)- 

The differential equation considered is 

;  .   •*• (Aii»(s) • r(A, S)\U• - 0. 
as 

where A is a large complex parameter, r'A, s) has a pole of order at most 
two at s0, and t'/(s) - (.« - s0)" «£, (*X v > -2, with t/r, Is) a non-vanish- 
ing sinRlr-valued analytic function. The author consider* the normal form 

d'u    r 
P**-(f)*' -  •   X(p.z)       I     U   -r   0, 

where X is analytic and i/tMr)- 2 '•/<**~« multiplied by an analytic function 
and ^ - 1/12(v t 2)]. Asymptotic forms of the solution are obtained for 
regions of (p, z) sp««-e rlz Bessel functions. 

Lancer. Rudolph K.    On the connection formulas sad the solutions of the 
ware eon-tines.   Physical Rev. 51, 6G9-676 (1937). 

The author spplies some of his previous results to the Schrodinger 
wave equation. 

Lamer, Rudolph E.  The asymptotic solutions of ordinary linear differ- 
ential equations of the second order, with special reference to a 
ttralng point.   Trans. Amer. Math. Soc. 61, 461-490 (1949); Math. Rev. 
11,438(1950). 

The differential equation considered is 

d'u 
(•)     —7*U,o0U)^ Ao,U)->/?(*. A)]u-0, 

ox 

<m 

where R (x, A) "    S    r^(x)/Av, «0, c,, and ry each have derivatives of 

all orders, A is large and complex, and 9. (x) lias a simple zero at the 
origin and is real on the interval (a, 0). By me»r... of Bessel's equation 
and successive transformations z sequence M approximating equations 
with known solutions is obtained. In this msnner asymptotic solutions 
valid in a<x <b are obtained, with an estimate of the error being obtained 
h'>rr. SU'i nue^i*: equation. 

Langer, Rudolph F.  On the wave equation with small quantum numbers 
Physical  Rev. (2) 75,  H73-1578 (1949);  Math. Rev. !?t   7!0<!<M9). 
T!ic author spplies soc-.e of his previews work to the Schrfidin^er >»ave 

equation. 
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Laager. Rudolph E.  AaymotoUc solutions of a differential equation to 
the   theory  of aicfOT>9ve procagauoc.  Comra. Pure  Appl. Mats. 3, 

1427-438 (1950); Math. Re». It, 828 (1951). 

The author applies some of his previous work toa study of the equation 

rf'a 
—r*A,[A*r<A>U-o, 

an 

where A i« • complex parameter. 

LeavlU, fftlMan G. On ayatema of linear differential eqaattoaa.  Amer. 
J. Matb. 73, 690696 (1951); Math. Rev. 13, 34© (1952). 

The author considers the equation 

V «U/« •/»)(/ 
over the complex plane, where A and P are 2 x 2 matrices and U is a 2- 
vector. The equation ia reduced to a canonical form in which 

[::] 
and 0 is either 0 or 1. Asymptotic solutions for large A are given when « 
has one single zero. 

LigataUl. M. J. The hodofrmph tranatunnatloa ia traas-aoafc flow. 
D. Auxiliary theorema oa the hypergeoaietrtc tmcttcm 0a(r), Proc. 
Roy.Soc.London Ser. A. 191, 541-351(1947); Math. Rev. 8, 3*50(1948). 

The author applies a method of Langer, Trans. Amer. Math. Soc.(1931) 
to the following differential equation with transition point 

0" + A(r)^'m +»Ifi(f)^(|.0. 

Mekaya. D.  Aaymptotic tnlrgraia of a fcmth order differential e«aaUoa 
containing a large parameter.   Proc. London Math. Soc. (2) 48, 436* 
437 (1047); Math. Rev. 9, 436 (1948). 

The following differential equation is considered: 

0 *•» • \-2a% * ikiw - e)] 0" • [a* - ika'iw - c) - iA*>" ] 0 - 0, 

where y is the independent variable, a1 is a constant of order unity, A 
is a large positive parameter, and w - c is an even function of y defined 
on fh* range -I < y < 1 and having a sin. pic zero ai >0, 0 < y3 < 1. Asym- 
ptotic forms of the solutions on each side of y are obtained together 
with connection formulas. The method is an extension of (hat of Jeffreys. 
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Schwld. Naltasj. Its* Myptettc forma of tfc» Heml'e and 
tioo».  Trans. Amer. VLvh. Soc. 57, 339*362 (193$). 

Asymptotic forms of the solutions of 

 ,-*(2« + 1--•)«>(-)-0 
dz 

which are valid for large complex parameter * and all complex values o' t 
•re obtained. Asymptotic forms of the Hermite functions are also obtained. 
The method consist: M an application of formulas of 1.anger. 

Stefert, B. Zor i-ymptouacJiea ItatosgaMoti VOB DtffercflUsJgfetrbMcea. 
Math. Z. 48, 173-192 (1942); Math. Rev. 4, 276 (1943). 

The author considers the differential equation 

ll+pU)-^L-[p*?U)*r(,)ly-0, 
ax ax 

where x is real, the functions, p, o, r, are real valued, and q(x) has a 
simple zero at *0. Given the asymptotic behavior of a solution on one 
aide of*0,the author determines its behavior on the other side by analytic 
continuation. No results in the transition region are given. 

Sfcw. Robert.   Repn'seotaitoa sj-ymptotiqae det tomctktmm de ftamthaM et 
dea tomaUmm d'oode   spteroalaies. Trans. Amer, Math. Soc. 66, 93- 
134 (1949X Math. Rev. 11, 435 (1950). 

The differential equations 

C1-^) y"-2^-y'+ (4-r) y-°     (MBthieu) 

are compared with n " + Oi • \h - '% a*) n - 0, and the equation 

\     TXcJ \a     2KcJ7 \2Xc     i     a1/7 

(Spheroidal) 
ia compared with 

+ —   IJ    ••   I m * 2p + 1    J  77 — 0. 
a \ 4       a1/ 
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Slratt, ftf. J. O. Characwriallc ami of BUI probkata.  I. The 
ptetk forts of the carve*.  Nederl. Akad. Yetenarh. Verslagen, Afd. 
Natuurkunde 51, 212*222 (1943); Math. Rev. 7, 160 (1946). 

The differential equation considered ia 

 j-+ [pit) *• A • yd>(r)] w m 0 
d* 

where z is real, (|A| • \y\) C* is large, p(i) sad c(r) are periodic with 
period £, and pd) • A • yflx) has r-ro simple zeros in xft < x < x0 • £. 
Asymptuii- formulas for the solutions are obtained by an application of 
Laager,Trans. Amer. Math. Soc.( 1934) sod Bull. Amer. Math. Soc.(1934). 

Taylor, W. C. A compleie set of asymptotic forMlM for the IfeJttaaer 
fiav-Uoa aad the Lagwerre polraotajjus. J. Math. Physics li, 34*49 
(1939). 

The author appliea the methods of Langer, Trans. Amer. Math. Soc. 
(1931, 1932, 1935X to the equation 

d«.        f    \      k      ii-s'\ A 

where k, m, x are complex, at ia bounded, *-»•», and x ia unrestricted. 

B. Aajiptutac form da* for special soicUoaa of tta 
e*aUloa   la  caaajreasawla  flow. Nationaal   Lucbtvaanlaboratoriuo, 
Amsterdam,Report F. 46, i*26 pp.(1949); Math. Rev. 10, 711 (1949). 

The differencial equation considered is 

d'r    [V-l   1-r/r.      (l-r.)(l+3r,)1 
T7    [_   <        r«(l-r)      16(1-r)1,;       J 

f-0, 

vheren is a parameter and rg is a constant. The author adapts the method 
of Langer, Trans. Amer. Math. Soc. 34, 441-480 (1932), aod transforms 
the problem of finding the solutions of (*) into a problem of solving a 
certain integral equation. He th«... oL"ain» a convergent Neumann series 
for the solutions, which for large values of n leads to simple a;r mpto;ic 
formulas for the solution. The formulas fo» T < rt axe different from those 
for r > r $. 

Trlcomt, Francesco, t'n noovo metodu dl studio delie eqaazloni differ- 
enzlali llneari.  Univ. e Politecnico Torino Rend. Sem. Mat. 8, 7*19 
(1949); Math. Rev. 11, 437 (1950). 

This is an expository article devoted to a method of Fubini for solving 
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equations of the form 

y' +P,(*)y* • p|U)y--4U>y- • fiGOy* • CGOy, 

where two independent solutions of the left hand side arc known. The 
method i.s one of reduction to two integral equation* of the Volterra type 
which cm be solved by successive approximation*. If A Or) • 0{.v"r), 
Bis) " C U"'\ Cix) - 0(*/"'\ r > 0, then this method gives asymptotic 
forma fo: the Laguerre polynomials Lmix\ «••«•. The zero* u< L#U) 
are also considered. 

Tticossl Fraacewco. M rnwportMafto MMatato<sJI'n-< 
41 LacBKne aeli' utoreo deli' aacissa 4a. Comment. Math. Helv. tZ, 
150-167 (1949); Math. Rev. it, 703 (1949). 

Thr   author applies the method of Fubini to the confluent hypergeo- 
mecric equation 

ay * • (c - a) y ' - *y • 0 

to obtain the asymptotic behavior of the Laguerre polynomials /, <a,U) in 
the i iciniry of x - 4m • 2(a • 1) »s m - — . 

IttCMnl, Praacesco. Soil? ronzioni dt B?sael 41 art la* c a/fosnestfo 
pteaeoche uccali. Atti Ac cad. Sci. Torino Cl. Set. Fis. Mat. Nat. 83, 
3-»0(1949); Math. Rev. 11. 594 (1950). 

Tht* following asymptotic representation is obtained 

• (10 *r' [%,* 4 J (*)• 2M .WlvOd,"^ 

where f is real and large, t is real, A f (i) is Airy's function, 

4«r(4t)W!J.t/tt2(4«)M]+J,/>l2({«),/,]l. 

A similar formula is obtained for Bessel's function of rhc second kind 
and a discussion of the zeros of BrsseS function: of the first and second 
kind is given. The method used is that of Fubini; see Tricomi, Rend. 
Sem. Ma:. 8, 7-19 (1948V 
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WMOW, Wolf CMS. OB UK ujaptoc;: sointfao of iae dtfforeatlni »qaattoa 
Gor small disturbances la • laminar flow.  Proc. Nat. Acad. Sci. U.Sji. 
33, 232-234 (1947); Math. Rev. §, 144 (1948). 

The differential equation 

»• o •       " 

it considered over • domain io the cocoplez plane in which the coefficients 
are analytic and in which o( has a simple zero. The parameter A is taken 
to be of constant argument. The author sets QU) - f[-bt(x)]* dx and 
divides a neighborhood of the zero of 6, into three sectors by means of 
the curves H[\Q{x)] - 0. He then states without proof four theorems on 
the asymptotic representation of solutions in these sectors. 

*a?3W. Woligaag. A -!*iy of ta» oolrtioBa of Cat tfiffcreetlal 
y,4> • X'ixy" • y) . 0 for largo vnra*e of A. Ana. of Math. (2) it, 
350-361 (19)0); Math. Rev. 12, 261 (19)1). 

The author considers the equation 

y«»,+ A,(*y*+y)-0, 

where x is complex and A is large and real. Asymptotic forms of the 
solutions are found from integral representations by the method of steep- 
est descent. 

Waaow. Wolfgaag. Asympfetic ooloUoa of tae differential eqoniloo of 
kydrodvB«atc atability ta a domain cootolaiag • traaattloo point. 
National Bur.Standards,Report 1620 (Preprint) 63 PP- (19)2). 

The differential equation considered is 

u(*°+     £    a Ax) u"'0 + X*    t   »i«)aw*o-0, 

where z is complex, b 0(r.) has one simple zero at x • 0, 6 ,(*) • 0, 
b f (0) ^ 0. The author finds functions asymptotic to a fundamental system 
of solutions in a fized neighborhood ofx>0asA-*«*. The method 
resembles thst of Langer. Use is made of the known asymptotic solutions 
of y <tT>+ A*(zy" • y) - 0. The transformation between the two spaces of 
solutions is not linear. 

Waoow. Woifgoag. On the differential equation for tae stability cf plane 
Cotstte flow.  National B«v. Standards (working paper 1952). 

The differential equation studied is 



16 

From the contour integral repct sentationa of • fundessntal set of solotiona 
(u (x, X)], the following rcaultf axe obtained 

Ki(x,k)[i + u{C')]      * i. s,     \t\>(9>0 

OCA"")}      « « S        Jfl < e0 

•viicic £ - Ax, 5 if i Uiuivdcd neighborhood of * - C, and the fuDCtioaa 
5 ( and A ( are well tnown. A similar discussion for the equation 

«<*•>• A**U" •«)-0 

is given. 

fgiU.AMl* 

si,  Qregar.  Etas* VeraUgeaelficrsac der  flMJUnafcuitaiiM fir 
4te   Zwecke  daw   WHIenmecfemaik.  Z.  Phyaik 3t,  51&-529 (1926). 

A formal expansion in powers of h/2wi of the solution of the asso- 
ciated Riccati equation ia used to obtain the eigenvalues of the Schroa- 
inger equation. 

ZvmaB, A. M«mHat— 1= Cm. Fonfcesapectraa). Thesis • Utrecht (1929)* 

The differential equation considered is 

• ' • A* «,'(*) «-0, 

where d>* is assumed to have a simple zero at the origin, is positive on 
the positive real axis, and admits of an analytic approximation within a 
suitable region of the complex plane containing the origin in its interior. 
For laige negative values of x the following solution is obtained 

,., .«.iiji + !i£i *.»/,•**. 
Let r denote a semi-circular arc with center at the origin and lying in 
the upper half plane and auch that at each point of T a representation of 
the form (*) for the solution holds. By following the variations in (*) as 
the arc F ia traversed from the negative real axia to the positive real 
axis asymptotic representations of the solutions valid on the positive 
side of the origin axe obtained. 

Langer, Bull. Amer. Math. Soc. 40, 562 (1934) and Ketnble, Funda- 
mental Principles of Quantum Mechanics, McGraw Hill (1937), both 
discuss this method. 
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